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ZERO-CYCLES ON A PRODUCT OF ELLIPTIC CURVES OVER A
p-ADIC FIELD
EVANGELIA GAZAKI* AND ISABEL LEAL**
Abstract. We consider a productX = E1×· · ·×Ed of elliptic curves over a finite extension
K of Qp with a combination of good or split multiplicative reduction. We assume that at
most one of the elliptic curves has supersingular reduction. Under these assumptions, we
prove that the Albanese kernel of X is the direct sum of a finite group and a divisible group,
extending work of Raskind and Spiess to cases that include supersingular phenomena. Our
method involves studying the kernel of the cycle map CH0(X)/p
n → H2d
e´t
(X,µ⊗dpn ). We give
specific criteria that guarantee this map is injective for every n ≥ 1. When all curves have
good ordinary reduction, we show that it suffices to extend to a specific finite extension L of
K for these criteria to be satisfied. This extends previous work of Yamazaki and Hiranouchi.
1. Introduction
Let X be a smooth, projective, and geometrically integral variety over a field K having
a K-rational point. We consider the group CH0(X) of zero-cycles on X modulo rational
equivalence and let A0(X) be the subgroup of zero-cycles of degree zero. There is an abelian
variety, AlbX , called the Albanese variety of X , universal for maps from X to abelian vari-
eties, and an induced homomorphism,
A0(X)→ AlbX(K),
called the Albanese map of X . When X is a curve, the group A0(X) coincides with Pic
0(X)
and the Abel-Jacobi theorem tells us that the above map is an isomorphism. In higher
dimensions, however, the situation is far more mysterious and the Albanese map can have a
very significant kernel, which we denote by T (X).
When K is an algebraic number field, the fascinating Bloch-Beilinson conjectures predict
that the Albanese kernel T (X) is a torsion group. At the same time, the group CH0(X)
is expected to be a finitely generated abelian group, so T (X) must be finite. On the other
hand, the Albanese kernel is expected to be enormous for varieties with positive geometric
genus over large fields like C or Qp.
In this work, the case of interest to us is that of a p-adic base field K. In this case, the
expected structure of T (X) is given by the following conjecture.
Conjecture 1.1. Let X be a smooth projective and geometrically integral variety over a
finite extension of Qp. The Albanese kernel T (X) is the direct sum of a finite group and a
divisible group.
A first version of this conjecture was formulated by Colliot-The´le`ne ([CT95]), and a later
one by Raskind and Spiess ([RS00]). In fact, Raskind and Spiess established the conjecture
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for a product X = C1 × · · · × Cd of smooth projective curves all of whose Jacobians have a
mixture of split multiplicative and good ordinary reduction.
More recently, S. Saito and K. Sato ([SS10]) proved a weaker form of this conjecture.
Namely, if k is the residue field of the p-adic field K, they established that, when X has a
regular projective flat model X over the ring of integers, OK , on which the reduced subscheme
of the divisor X ⊗OK k has simple normal crossings, the group A0(X) is the direct sum of
a finite group and a group that is m-divisible for every integer m coprime to the residue
characteristic. The result has since been extended ([CT11]) to every smooth projective
variety X over a p-adic field. Conjecture 1.1 is still very open though and we do not have
any general method to prove that the quotients T (X)/pn are “small”.
In this paper we focus on the case of a product X = E1 × · · · × Ed of elliptic curves over
a p-adic field K. Following the method introduced by Raskind and Spiess in [RS00], we
manage to extend their result to include also supersingular reduction phenomena. Our first
result is a proof of Conjecture 1.1 in the following case.
Theorem 1.2. Let E1, · · · , Ed be elliptic curves over a p-adic field K with either good or
split multiplicative reduction. We assume that at most one of the curves has supersingular
reduction. Then the Albanese kernel, T (X), of the product X = E1 × · · · × Ed is the direct
sum of a finite group and a divisible group.
1.1. The cycle map. An essential tool for the study of zero-cycles on varieties defined over
arithmetic fields is the study of the cycle map to e´tale cohomology,
CH0(X)/n
cn−→ H2de´t (X, µ⊗dn ),
where d = dim(X). The map cn is in general neither injective nor surjective. When X is a
smooth surface over a p-adic field and n is coprime to p, Esnault and Wittenberg ([EW16])
give some far reaching computations of the kernel. However, when n is a power of p, still
very little is known.
Our primary goal in this paper is to describe as much as possible the kernel of the cycle
map cpn in the context of Theorem 1.2 and for every n ≥ 1. Unlike Theorem 1.2 that was
already known when all the curves have good ordinary or split multiplicative reduction, the
injectivity of cpn was previously known only in very limited cases. Under the assumptions
of Theorem 1.2, it has been established by Raskind and Spiess ([RS00]) and Hiranouchi
([Hir16]) that the map cpn is injective under the additional assumption that Ei[p
n] ⊂ Ei(K)
for every i ∈ {1, · · · , d}. The only result independent of n ≥ 1 is due to Yamazaki ([Yam05]),
who proved injectivity of cn for every n ≥ 1, for a product X = C1 × · · · × Cd of Mumford
curves, that is, higher genus analogues of Tate curves.
In this article we focus on removing the strong K-rationality assumption, Ei[p
n] ⊂ Ei(K),
and pass to the limit for pn. For a product X = E1 × E2 of two elliptic curves not both
having supersingular reduction, we give sufficient criteria for the injectivity of cpn , for ev-
ery n ≥ 1. These criteria depend heavily on the reduction type of E1, E2 (Theorem 3.14,
Proposition 3.21, Proposition 3.25) and when they are satisfied, they give us very sharp re-
sults. Namely, Theorem 1.2 gives us a decomposition, T (X) ≃ D⊕F , where D is a divisible
group and F a finite group. Our method often allows us to fully compute the finite group
F , which to our knowledge is the first result in this direction.
Example 1.3. Let X = E × E be the self product of an elliptic curve over K with good
ordinary reduction. Under some mild assumptions, the cycle map cpn is injective for every
2
n ≥ 1 and we have an isomorphism, T (X) ≃ D ⊕ Z/pn, if E[pn] ⊂ E(K) for some n ≥ 1
and n is the largest with this property. If n = 0, the Albanese kernel T (X) is divisible.
When the criteria for injectivity are not satisfied, we show that an obstruction to injectivity
is very possible to exist (Proposition 3.15, Proposition 3.22). However, when all the curves
have good ordinary reduction, we show that the obstruction goes away after extending to a
tower of finite extensions of K. Namely, we prove the following theorem.
Theorem 1.4. Let E1, · · · , Ed be elliptic curves over K with good ordinary reduction. Let
X = E1 × · · · ×Ed. Then there exists a finite extension L of K such that the cycle map
CH0(X ×K L)/pn cp
n−−→ H2d
e´t
(X ⊗K L, µ⊗dpn ),
is injective for every n ≥ 1.
1.2. A corollary over global fields. One special case when we get sharp results is when
the elliptic curves have complex multiplication by an imaginary quadratic field. In this case
we get the following global-to-local corollary for a product X of elliptic curves defined over
an algebraic number field.
Corollary 1.5. Let X = E × E be the self-product of an elliptic curve over an algebraic
number field K. Assume that E has complex multiplication by an imaginary quadratic field
M . Let Xv = X ⊗K Kv be the base change to a completion of K at a finite place v. Then
the Albanese kernel, T (Xv), is divisible for almost all ordinary reduction places v of K.
1.3. Outline of our Method. In this paper we use a method introduced by Raskind and
Spiess in [RS00] and continued by more authors ([Yam05], [MR09], [HH13], [Hir16]).
Relation to the Somekawa K-group. Raskind and Spiess reduced the study of the
Albanese kernel T (X) on a product of curves to the study of the Somekawa K-group
K(K;A1, · · · , Ar) attached to abelian varieties A1, · · · , Ar over K. This group is a gen-
eralization of the Milnor K-group, KMr (K) of the field K. It is a quotient of the group⊕
L/K finite
A1(L)⊗ · · · ⊗ Ar(L)
first by a relation similar to the projection formula of CHi(X) and then by a second relation
coming from function fields of curves, known as Weil reciprocity.
The big advantage of this method is that the group K(K;A1, · · · , Ar) has specific gene-
rators and relations. More importantly, when working over a p-adic field K, the projection
formula is easy to use and in most cases it gives already enough relations that guarantee
that the quotients T (X)/pn are small.
The Galois symbol. Similarly to the case of the Milnor K-groups, for an integer n ≥ 1
invertible in K, there is a map to Galois cohomology, known as the generalized Galois symbol,
K(K;A1, · · · , Ar)/n sn−→ Hr(K,A1[n]⊗ · · · ⊗ Ar[n]).
This map is constructed similarly to the Galois symbol of the Bloch-Kato conjecture, and it
is conjectured by Somekawa ([Som90]) to always be injective. Nonetheless, a counterexample
has been found in [SY09], not for abelian coordinates but for the group K(K;T, T ) attached
to two copies of a certain non-split torus over a two-dimensional local field K.
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Coming to the question of injectivity of the cycle map cpn for products of curves over
p-adic fields all having a K-rational point, this question has been reduced by Yamazaki to
verifying the Somekawa conjecture for abelian varieties.
For elliptic curves E1, · · · , Er over a p-adic fieldK satisfying the assumptions of Theorem 1.4,
the conjecture has been established ([RS00], [Hir16]) under the assumption that Ei[p
n] ⊂
Ei(K), for i = 1, · · · , r. This is the assumption we would like to remove. When Ei[p] ⊂
Ei(K) for every i = 1, · · · , d, we introduce a new method to pass to the limit for pn. Roughly
speaking, our method is based on the following principle. “When Ei[p] ⊂ Ei(K), the K-
group K(K;E1, E2)/p is generated by p
N torsion points for sufficiently large N ≥ 1”. When
this is not achieved over K, we construct a tower, K ⊂ L1 ⊂ · · · ⊂ Lr of finite extensions so
that this condition is achieved in the tower. When the curve Ei has either good ordinary or
split multiplicative reduction, we even manage to remove the assumption Ei[p] ⊂ Ei(K) by
using the theory of p-adic uniformization of elliptic curves.
We note that in all our computations we use a group larger than K(K;E1, · · · , Er).
Namely, in the definition of the Somekawa K-group we forget the relations coming from
function fields of curves. For this larger group, we show that most of our conditions become
necessary for injectivity. This, however, does not disprove the Somekawa conjecture.
Some Corollaries. As a byproduct of our proofs, we obtain some important corollaries.
First, in the context of Theorem 1.2, we get a decomposition T (X) ≃ F ⊕D, with the finite
group F generated by K-rational points. We hope that this corollary could have potential
applications over global fields.
Moreover, using computations of Yamazaki ([Yam05]), we obtain a corollary about the
Brauer-Manin pairing, CH0(X) × Br(X) → Q/Z, where by Br(X) we denote the Brauer
group of X (Corollary 3.29).
We wish our methods could be used to establish Theorem 1.2 for any product of elliptic
curves. Unfortunately, there is a very serious obstruction for a product E1 × E2 of two
curves with supersingular reduction. Namely, in this case the easy projection formula of
the Albanese kernel does not seem to give us enough relations that guarantee the quotient
T (E1 × E2)/p is finite.
Notation. Unless otherwise specified, all cohomology groups considered in this paper will
be over the e´tale site. In particular, for a field K we will denote by H i(K,−) the Galois
cohomology groups of K. Moreover, we will denote the separable closure of a field F by F .
If L/K is an extension of fields and X is a variety over K, we will denote the base change
X ⊗K L by XL.
1.4. Acknowledgements. We would like to express our sincere gratitude to Professors
Bhargav Bhatt, Spencer Bloch, Jean-Louis Colliot-The´le`ne, Toshiro Hiranouchi, Kazuya
Kato, Shuji Saito and Takao Yamazaki for their interest in our work and their helpful com-
ments and suggestions. We are particularly grateful to T. Yamazaki for pointing out a
mistake in an earlier version of this paper. Finally, we would like to thank our referee
for pointing out inaccuracies and providing many useful suggestions that helped improve
significantly the paper.
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2. Mackey Functors and Somekawa K-groups
In this section we review the definition of the Somekawa K-group K(K;A1, · · · , Ar) for
abelian varieties A1, · · · , Ar over a perfect field K. We start by reviewing the definition of a
Mackey functor.
Let K be a perfect field. A Mackey functor F over K is a presheaf on the category of e´tale
K-schemes having the following additional property. For every finite morphism X
f−→ Y of
e´tale K-schemes, in addition to the restriction map F(Y ) f⋆−→ F(X), there is also a push-
forward map, F(X) f⋆−→ F(Y ). The maps f ⋆ and f⋆ satisfy certain functoriality conditions,
for example for a composition X
f−→ Y g−→ Z, we have an equality, (f ◦g)⋆ = f⋆◦g⋆. Moreover,
there is a decomposition F(X1 ⊔ X2) = F(X1) ⊕ F(X2). Therefore, F is fully determined
by its value F(L) := F(SpecL) at every finite extension L over K. For a more detailed
discussion on the properties of Mackey functors we refer to [RS00, p. 13, 14].
Notation. From now, if K
f→֒ L is a finite extension of perfect fields, we will denote the
restriction map by resL/K : F(K) → F(L) and the push-forward map by NL/K : F(L) →
F(K) and call it the norm.
Example 2.1. Let A be an abelian variety over K. Then A induces a Mackey functor by
assigning to a finite extension L/K, A(L) := Hom(SpecL,A). For a finite extension F/L,
the push-forward is the norm map on abelian varieties, NF/L : A(F )→ A(L).
Kahn proved in [Kah92] that the category MFK of Mackey functors on (SpecK)e´t is an
abelian category with a tensor product ⊗M . For abelian varieties A1, · · · , Ar over K, we
review the definition of A1 ⊗M · · · ⊗M Ar below. The definition is in fact very similar for
general Mackey functors F1, · · · ,Fr, but here we only need the abelian variety case.
Definition 2.2. Let A1, · · · , Ar be abelian varieties over a perfect field K. The Mackey
product A1 ⊗M · · · ⊗M Ar is defined at a finite extension L over K as follows:
(A1 ⊗M · · · ⊗M Ar)(L) :=

 ⊕
F/L finite
A1(F )⊗ · · · ⊗ Ar(F )

 /R1.
Here R1 is the subgroup generated by elements of the form
a1 ⊗ · · · ⊗NF ′/F (ai)⊗ · · · ⊗ ar −NF ′/F (resF ′/F (a1)⊗ · · · ⊗ ai ⊗ · · · ⊗ resF ′/F (ar)) ∈ R1,
where F ′ ⊃ F ⊃ L is a tower of finite extensions of K, ai ∈ Ai(F ′) for some i ∈ {1, · · · , r},
and aj ∈ Aj(F ) for every j 6= i.
Notation 2.3. From now on we will be using the standard symbol notation for the generators
of (A1 ⊗M · · · ⊗M Ar)(L), namely {a1, · · · , ar}F/L for ai ∈ Ai(F ).
Norm and Restriction. Since A1 ⊗M · · · ⊗M Ar is a Mackey functor, there are norm and
restriction maps corresponding to any finite extension L/K. Namely,
resL/K : (A1 ⊗M · · · ⊗M Ar)(K)→ (A1 ⊗M · · · ⊗M Ar)(L),
and
NL/K : (A1 ⊗M · · · ⊗M Ar)(L)→ (A1 ⊗M · · · ⊗M Ar)(K).
Moreover, we have the relation NL/K ◦ resL/K = [L : K].
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Remark 2.4. We note that the symbol {a1, · · · , ar}F/L ∈ (A1 ⊗M · · · ⊗M Ar)(L) is nothing
but NF/L({a1, · · · , ar}F/F ). The defining relation R1 is classically referred to as projection
formula. We rewrite it using the symbolic notation:
(2.5) {a1, · · · , NF/L(ai), · · · , ar}L/L = NF/L({resF/L(a1), · · · , ai, · · · , resF/L(ar)}F/F ).
2.1. The Somekawa K-group. We are now ready to review the definition of the K-group
K(K;A1, · · · , Ar) attached to abelian varieties over a perfect field K.
Definition 2.6. The Somekawa K-group K(K;A1, · · · , Ar) is defined as
K(K;A1, · · · , Ar) = (A1 ⊗M · · · ⊗M Ar)(K)/R2,
where the subgroup R2 is generated by the following family of elements. Let C be a smooth
complete curve over K endowed with morphisms gi : C → Ai for i = 1, · · · , r. Then for
every function f ∈ k(C)× we require∑
x∈C
ordx(f){g1(x), · · · , gr(x)}κ(x)/K ∈ R2.
The above definition was given by Somekawa ([Som90]), following a suggestion of K. Kato.
Somekawa defined more generally a K-group K(K;G1, · · · , Gr) attached to semi-abelian
varieties over a field K, that in the special case when Gi = Gm for every i, it turns out to be
isomorphic to the Milnor K-group, KMr (K). Recently this definition has been generalized
to include more general coordinates. We refer to [IR17] and [KY13] for more details.
Remark 2.7. In most of this paper we will be using the Mackey product (A1⊗M · · ·⊗MAr)(K)
for our calculations. From now on we will use the same symbolic notation, {a1, · · · , ar}L/K ,
for the generators of both the Mackey product and the Somekawa K-group. To avoid con-
fusion, we will always clarify which group we are using.
Galois Symbol. Let A1, · · · , Ar be abelian varieties over a perfect field K and n be an
integer invertible in K. The Kummer maps, Ai(L)/n →֒ H1(L,Ai[n]), together with the
cup product and the norm map of Galois cohomology (i.e. the corestriction map) induce a
generalized Galois symbol,
sn : K(K;A1, · · · , Ar)/n→ Hr(K,A1[n]⊗ · · · ⊗Ar[n]).
Conjecture 2.8. ([Som90]) The generalized Galois symbol sn is always injective.
This conjecture is the analogue of the Bloch-Kato conjecture for the Somekawa K-groups.
It is still very open in general and as already mentioned in the introduction, a counterexample
has been found ([SY09]) for non-abelian coordinates.
2.2. Relation to zero-cycles. For a product X = E1 × · · · ×Ed 1 of elliptic curves over a
field K, Raskind and Spiess ([RS00, Corollary 2.4.1]) constructed a finite decreasing filtration
F 0 ⊃ F 1 ⊃ · · · ⊃ FN ⊃ 0 of CH0(X) such that the successive quotients F i/F i+1 are
isomorphic to Somekawa K-groups of the form K(K;Ei1 , · · · , Eir), for 1 ≤ i1 < · · · < ir ≤ d.
Additionally, the subgroups F 1 and F 2 coincide with A0(X) and T (X) respectively.
1We note that the construction of Raskind and Spiess was a lot more general, for a product of smooth
complete and geometrically connected curves all having aK-rational point, and the filtration was constructed
using the Somekawa K-groups attached to their Jacobian varieties.
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Yamazaki then showed ([Yam05, Proposition 2.4]) that in the above set-up, the injectivity
of the cycle map
CH0(X)/n
cn−→ H2de´t (X, µ⊗dn )
can be reduced to verifying the Somekawa conjecture for all the Galois symbols
K(Ei1 , · · · , Eir)/n sn−→ H2r(K;Ei1 [n]⊗ · · · ⊗ Eir [n]).
2.3. Injectivity in the p-adic case. From now on we focus on the case of a p-adic field
K. In fact we make the following convention.
Convention 2.9. From now on, unless specified otherwise, we assume that K is a p-adic
field with ring of integers OK , maximal ideal mK and residue field k. Moreover, we assume
that all the elliptic curves considered in this paper have split semistable reduction.
We give an overview of the status of Conjecture 2.8.
When n is coprime to p. In this case the problem is easier to handle. When at least two
of the abelian varieties A1, · · · , Ar have good reduction, the injectivity of sn follows from the
following stronger result.
Theorem 2.10. (Raskind and Spiess, [RS00, Theorem 3.5]) If n is coprime to p and at least
two of the abelian varieties A1, · · · , Ar have good reduction, the group K(K;A1, · · · , Ar) is
n-divisible. In particular the Galois symbol vanishes, sn = 0.
When n is a power of p. Proving injectivity of spn for n ≥ 1 over a p-adic field K is
a mixed characteristic problem of great difficulty. Raskind and Spiess described a general
method that could be used to establish injectivity, under the additional assumption that
µpn ⊂ K and Ai[pn] ⊂ Ai(K), for i = 1, · · · , r. We briefly review this method only for two
elliptic curves E1, E2 over K, to keep the notation simple.
The main idea is to relate the generalized Galois symbol spn to the classical Galois symbol
of the Bloch-Kato conjecture,
KM2 (K)/p
n gpn−→ H2(K,µ⊗2pn ).
When µpn ⊂ K, the latter has a concrete description in terms of central simple algebras.
Moreover, for a symbol {x, y} the following equivalence is known.
gpn({x, y}) = 0⇔ x ∈ NK( pn√y)/K(K( pn
√
y)×)⇔ y ∈ NK( pn√x)/K(K( p
n√
x)×).
The steps of the method are as follows:
• Because of theK-rationality assumption, we can fix an isomorphism Ei[pn] ≃ (µpn)⊕2,
for i = 1, 2. This in turn gives us isomorphisms
H2(K,E1[p
n]⊗E2[pn]) ≃
4⊕
H2(K,µpn) ≃
4⊕
Br(K)[pn] ≃
4⊕
Z/pn.
• The next step is to describe realizations of the Mackey functors E1/pn and E2/pn
as subfunctors of Gm/p
n. If such a realization exists and is compatible with the
Kummer map, Ei(L)/p
n →֒ H1(L,Ei[pn]), for every finite extension L of K, then
this description can be used in order to compute the image of
(E1/p
n ⊗M E2/pn)(K) sp
n−→ H2(K,E1[pn]⊗E2[pn]),
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using known facts about the classical Galois symbol.
• After computing the image, one could try to show an isomorphism,
(E1/p
n ⊗M E2/pn)(K) Im(spn)
K(K;E1, E2)/p
n.
≃
spn
This would imply that the projection (E1/p
n ⊗M E2/pn)(K) ։ K(K;E1, E2)/pn is
an equality and in particular the diagonal spn is an isomorphism as well.
Following the above method, Raskind and Spiess established injectivity of spn for abelian
varieties with a mixture of good ordinary and split multiplicative reduction under the above
K-rationality assumption. Their work has since been generalized by Yamazaki ([Yam05])
who managed to remove the assumption but only for abelian varieties with split multiplicative
reduction. More recently Hiranouchi ([Hir16]) extended the original computation to include
also supersingular reduction elliptic curves. We will review his result in the next section.
See also [MR09] for an alternative proof for the self product E×E of an ordinary reduction
elliptic curve.
Remark 2.11. We note that for elliptic curves E1, · · · , Er over the p-adic field K with r ≥ 3,
proving Conjecture 2.8 amounts to showing the K-group K(K;E1, · · · , Er) is divisible. As
we will see later in the paper Corollary 3.28, this usually follows as an easy corollary after
proving the conjecture for the product of two elliptic curves.
Remark 2.12. Raskind and Spiess imagined that the Mackey functor relation should be
enough to establish injectivity when working with abelian varieties over p-adic fields, while
the function field relation of K(K;A1, · · · , Ar) is expected to be crucial for varieties over
number fields. We will show in the forthcoming sections, however, that without the K-
rationality assumption, injectivity is not always guaranteed by the Mackey functor relations,
even over p-adic fields.
2.4. Decomposing the Mackey functor E/p for an elliptic curve E. Let E be an el-
liptic curve over K such that E[p] ⊂ E(K). In this subsection we review the aforementioned
realization of the Mackey functor E/p as a subfunctor of Gm/p. We first need some infor-
mation about the filtration of K× arising from the groups of units, O×K ⊃ U1K ⊃ U2K ⊃ · · · ,
where U iK = 1 +m
i
K .
The Unit groups as Mackey Functors. We assume µp ⊂ K. We define the following
filtration of the group K×/p := K×/(K×)p. For i ≥ 0,
U
i
K := Im(U
i
K → K×/p).
Note that the assumption µp ⊂ K implies that p− 1 divides the absolute ramification index
eK . We denote e0(K) :=
eK
p− 1. The graded quotients U
i
K/U
i+1
K are known to satisfy the
following.
Lemma 2.13. ([Kaw02, Lemma 2.1.4]) Assume µp ⊂ K.
(a) If 0 ≤ i < pe0(K) and i is coprime to p, then U iK/U
i+1
K ≃ k.
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(b) If 0 ≤ i < pe0(K) and i is divisible by p, then U iK/U
i+1
K ≃ 1.
(c) If i = pe0(K), then U
i
K/U
i+1
K ≃ Z/p.
(d) If i > pe0(K), then U
i
K = 1.
Definition 2.14. For every i ≥ 0, we define a Mackey functor, U i as follows. If L is a finite
extension of K, then
U
i
(L) := U
ie(L/K)
L .
For a finite extension F/L, the norm NF/L and restriction maps resF/L are induced by the
norm and restriction on Gm.
Theorem 2.15. ([Kaw02], [Tak07]) Let E be an elliptic curve over K with split semistable
reduction such that E[p] ⊂ E(K). The Mackey funtor E/p is calculated as follows,
E/p =


Gm/p, if E is a Tate curve
U
0 ⊕ U pe0(K), if E has ordinary reduction
U
pt ⊕ U p(e0(K)−t), if E has supersingular reduction.
For the case of a supersingular reduction elliptic curve, there is an invariant t that appears
in the above decomposition. This invariant is defined as follows.
Definition 2.16. For an elliptic curve E over K with supersingular reduction such that
E[p] ⊂ E(K), the invariant t is defined to be
t := max{i ≥ 0 : P ∈ Eˆ(miK), for every P ∈ E[p]}.
The fact that E has supersingular reduction yields that t ≥ 1. Moreover, t < pe0(K).
This is because for every j ≥ pe0(K) the group Eˆ(mjK) is known to be torsion free. ([Sil09])
Remark 2.17. We note that the decomposition given in Theorem 2.15 is constructed using
the image of the Kummer map, E(L)/p →֒ H1(L,E[p]), for L a finite extension of K. In
fact, the assumption E[p] ⊂ E(L) for every such extension L gives an isomorphism between
H1(L,E[p]) and L×/p⊕L×/p, so via the Kummer map we may view E(L)/p as subgroup of
L×/p⊕L×/p. This compatibility allows us to use the above decomposition for the generalized
Galois symbol, (E1 ⊗M E2)/p(K)→ H2(K,E1[p]⊗ E2[p]).
Example 2.18. Assume for example thatE1 is an elliptic curve with good ordinary reduction
and E2 is a Tate curve, with Ei[p] ⊂ Ei(K) for i = 1, 2. Let a ∈ E1(K) and b ∈ E2(K) be two
closed points. Under the decomposition given by Theorem 2.15, the image of b ∈ E2(K)/p
can be thought of as the class of a point b ∈ K×/p. Moreover, the image of a ∈ E1(K)/p is
of the form (a1, a2) with a1 ∈ U 0K and a2 ∈ U
pe0(K)
K . Then,
sp({a, b}K/K) = (gp({a1, b}), gp({a2, b})) ∈ Z/p⊕ Z/p,
where gp : K
M
2 (K)/p→ Br(K)[p] ≃ Z/p is the classical Galois symbol.
3. The main theorems
We make the following assumption for the rest of this section.
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Assumption 3.1. Unless otherwise specified, E1, E2 shall denote elliptic curves over the p-
adic field K, both with split semistable reduction, and such that at least one of them does not
have supersingular reduction. Moreover, if E is an elliptic curve over K with good reduction,
we will denote by E its Ne´ron model, (which is an abelian scheme over Spec(OK)) and by
E := E ⊗k OK the special fiber (which is an elliptic curve over the residue field k).
We consider the local Galois symbol
spn : K(K;E1, E2)/p
n → H2(K,E1[pn]⊗ E2[pn]).
We recall the following result.
Theorem 3.2. (Hiranouchi, [Hir16]) If Ei[p
n] ⊂ Ei(K) for i = 1, 2, the map spn is injective.
Hiranouchi used an involved argument to prove injectivity of sp. The injectivity of spn
follows by diagram chasing and induction. Theorem 3.2, together with the computation of
the image of sp by Hiranouchi and Hirayama ([HH13, Theorem 3.4]), yield the following
theorem.
Theorem 3.3. (Hiranouchi, [Hir16], Hiranouchi-Hirayama, [HH13]) Assume that Ei[p
n] ⊂
Ei(K) for i = 1, 2. Then
K(K;E1, E2)
pn
≃ E1 ⊗
M E2
pn
(K) ≃
{
Z/pn, if E1, E2 have the same reduction type
Z/pn ⊕ Z/pn, if E1, E2 have different reduction type
Remark 3.4. It is important to note that, while proving injectivity of sp, Hiranouchi showed
that the group (E1 ⊗M E2)/p can be generated by symbols of the form {a, b}K/K .
Our first goal is to remove the strong assumption Ei[p
n] ⊂ Ei(K) and pass to the limit
for pn. Starting with the case when Ei[p] ⊂ Ei(K), for i = 1, 2, the following quite general
lemma provides a sufficient criterion that guarantees injectivity of spn for every n ≥ 1.
Lemma 3.5. Let E1, E2 be elliptic curves over K. Assume that Ei[p
n] ⊂ Ei(K), i = 1, 2,
for some n ≥ 1 which is the largest with this property. Further, assume that the Galois
symbol sp is injective. If K(K;E1, E2)/p can be generated by symbols of the form {a, b}K/K
with either a ∈ E1[pn] or b ∈ E2[pn], then the group pnK(K;E1, E2) is p-divisible, that is
pnK(K;E1, E2) = p
sK(K;E1, E2), for every s > n. In particular, the Galois symbol spm is
injective for every m ≥ 1.
Proof. Let x ∈ pnK(K;E1, E2). We may write x = pny for some y ∈ K(K;E1, E2). We
consider the image of y in K(K;E1, E2)/p. By the assumption of the lemma, we may write
y in the following form,
y =
∑
i
{ai, bi}K/K + pz,(3.6)
where z ∈ K(K;E1, E2) and either ai ∈ E1[pn] or bi ∈ E2[pn]. We conclude that the element
pny is p-divisible.
Notice that this implies that the Galois symbol spm is injective for every m ≥ 1. For, if
m ≤ n, the injectivity follows from Theorem 3.2. On the other hand, if x ∈ ker(sps) for
some s > n, a simple induction and diagram chasing shows that x ∈ pnK(K;E1, E2) and
the claim follows by the p-divisibility of pnK(K;E1, E2).

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Remark 3.7. It is clear that if the elliptic curves E1, E2 satisfy Lemma 3.5, then Theorem 1.2
holds for the product X = E1 × E2. Indeed, if D is the maximal p-divisible subgroup
of K(K;E1, E2), then we can write K(K;E1, E2) ≃ D ⊕ F for some subgroup F . The
lemma together with the fact that K(K;E1, E2)/p
i is a finite group for every i ≥ 1 imply
that subgroup F is finite. In many cases, we won’t be able to verify the assumptions of
Lemma 3.5. However, very often we will be able to show the weaker condition that the group
pNK(K;E1, E2) is p-divisible for some N ≥ n, by showing that the K-group K(K;E1, E2)/p
can be generated by symbols of the form {a, b}K/K , with either a ∈ E1[pN ](K) or b ∈
E2[p
N ](K), for some N > n.
Remark 3.8. We note that if either Lemma 3.5 or the weaker condition of Remark 3.7 holds,
we can show that the finite summand F of K(K;E1, E2) can be generated by symbols
{x, y}K/K defined over K, as long as this is true for the group K(K;E1, E2)/p. This
follows inductively using the exact sequence K(K;E1, E2)/p
pm−→ K(K;E1, E2)/pm+1 −→
K(K;E1, E2)/p
m −→ 0. When E1, E2 satisfy Assumption 3.1, this has been proved by Hi-
ranouchi (see Remark 3.4).
3.1. The product of two elliptic curves with ordinary reduction. Our first com-
putation will be for the product E1 × E2 of two elliptic curves over K, both having good
ordinary reduction. We start with a preliminary discussion, which includes some background
on elliptic curves of such reduction type.
The connected-e´tale exact sequence. Let E be an elliptic curve over K with good ordi-
nary reduction, and n ≥ 1 a positive integer. The GK-module E[pn] has a one-dimensional
GK-invariant submodule. Namely, we have a short exact sequence of GK-modules,
0→ E[pn]◦ → E[pn]→ E[pn]et → 0,(3.9)
where E[pn]◦ := Eˆ[pn] are the pn-torsion points of the formal group Eˆ of E.
If we further assume that E[pn−1] ⊂ E(K), then after a finite unramified extension L0/K
of degree coprime to p, this sequence becomes
0→ µpn → E[pn]→ Z/pn → 0.(3.10)
The short exact sequence (3.9) is known as the connected-e´tale exact sequence for E[pn].
The reason for the name is that this exact sequence can be obtained from the exact sequence
of finite flat group schemes over Spec(OK),
0→ E [pn]◦ → E [pn]→ E [pn]et → 0,
by extending to the generic fiber. Here we denoted by E the Ne´ron model of E.
The Serre-Tate parameter. We next assume that µp ⊂ K and that we have a non-
splitting short exact sequence of finite flat group schemes over Spec(OK),
0→ µp → E [p]→ Z/p→ 0.(3.11)
This in particular means that Eˆ[p] ⊂ Eˆ(OK). Notice that E [p] defines in this case a non-
trivial element of Ext1OK (Z/p, µp) ≃ H1fppf(OK , µp). This group is isomorphic to O×K/O×pK
and therefore the extension E [p] (or equivalently the Galois module E[p]) corresponds to
a unit u ∈ O×K that is not a pth power. That is, the sequence (3.11) becomes split after
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extending to the finite extension K( p
√
u). The unit u is known as the Serre-Tate parameter
of E. For more information we refer to [KM85, Chapter 8, Section 9].
Next we want to give a new interpretation of this unit u that will be more helpful for
our purposes. We first need some information about the Mackey functor Eˆ/[p], where Eˆ
is the formal group of E and [p] : Eˆ → Eˆ is the multiplication by p isogeny. Because we
assumed that E has ordinary reduction, the isogeny [p] has height one. Recall that Eˆ induces
a Mackey functor which is defined at a finite extension L/K as Eˆ(L) := Eˆ(OL) with the
obvious norm and restriction maps.
Proposition 3.12. Let E be an elliptic curve over K with good ordinary reduction, and Eˆ
be its formal group. Assume that Eˆ[p] ⊂ Eˆ(OK) (in particular, µp ⊂ K). Then we have an
isomorphism of Mackey functors, Eˆ/[p] ≃ U 1 ≃ U 0.
Proof. The first isomorphism follows directly from [Kaw02, Theorem 2.1.6, Corollary 2.1.7],
if we apply it to the height 1 isogeny, [p] : Eˆ → Eˆ. To make this more precise, for every
finite extension L/K we have an isomorphism, Eˆ(OL)/[p]Eˆ(OL) ≃ Up(e0(L)−t(L))+1L , where
the invariant t(L) is defined as,
t(L) = min{i ≥ 0 : P ∈ Eˆ(miL), for every P ∈ Eˆ[p]}.
We claim that t(L) = e0(L). Since for every finite extension L
′/L we have equalities, t(L′) =
e(L′/L)t(L) and e0(L′) = e(L′/L)e0(L), it suffices to prove this equality after extending to
L(E[p]). But then the result follows from Theorem 2.15. The second isomorphism follows
from Lemma 2.13.

We next consider the short exact sequence of abelian groups,
0→ Eˆ(OK) j−→ E(K) r−→ E(k)→ 0,(3.13)
where E(K)
r−→ E(k) is the reduction map. By tensoring (3.13) with Z/p and using
Proposition 3.12 we get an exact sequence,
U
0
K
j−→ E(K)/p r−→ E(k)/p→ 0.
The claim is that the map U
0
K
j−→ E(K)/p is not injective. Namely there is a unit u ∈ U 0K
that generates the kernel and this unit is the Serre-Tate parameter of E. To construct u,
we proceed as follows. Let b ∈ E[p](k) be a p-torsion point with b 6= 0. Such a point exists
because E[p] ≃ Eet[p] ≃ Z/p. Since the reduction map is surjective, we may choose a lift b˜
of b in E(K). We claim that r(pb˜) = pb = 0, but pb˜ is nonzero. Indeed, if pb˜ = 0, then b˜
would be a K-rational p-torsion point of E, which would contradict the non-splitting of the
short exact sequence (3.11). Next, the exactness of the sequence (3.13) yields the existence
of a unit u ∈ O×K such that j(u) = pb˜. The class of u ∈ O×K/O×pK is independent of the
choice of lift. To finish the claim, we need to verify that u 6∈ K×p. Assume to the contrary
that u is a pth power, i.e., u = vp for some v in K×. Then the equation pj(v) = pb˜ yields
that b˜ − j(v) is a non-zero p-torsion point of E. Since r(b˜) = b 6= 0, this would imply that
E[p] ⊂ E(K), which is a contradiction.
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Injectivity in the wild case. In this subsection we consider the question of injectivity
of the Galois symbol for two elliptic curves E1, E2 with ordinary reduction. We will of-
ten work with the Mackey product, (E1 ⊗M E2)(K)/pn instead of the Somekawa K-group
K(K;E1, E2)/p
n. To distinguish between the two groups, we will call the map
(E1 ⊗M E2)(K)/pn sp
n−→ H2(K,E1[pn]⊗E2[pn])
the Mackey functor Galois symbol. Recall that the latter has the same image as the actual
Galois symbol
K(K;E1, E2)/p
n spn−→ H2(K,E1[pn]⊗E2[pn]),
but it might have a larger kernel.
Theorem 3.14. Assume µp ⊂ K. Let E1, E2 be elliptic curves over K with good ordinary
reduction and let n ≥ 0 be the largest integer such that Ei[pn] ⊂ Ei(K), for i = 1, 2. Assume:
• The extension L = K(E1[pn+1], E2[pn+1]) has wild ramification.
• For i = 1, 2 we have short exact sequences of GK-modules,
0→ µpn+1 → Ei[pn+1]→ Z/pn+1 → 0.
Then the Galois symbol spm : K(K;E1, E2)/p
m → H2(K,E1[pm] ⊗ E2[pm]) is injective for
every m ≥ 1. In particular, if n = 0, the K-group K(K;E1, E2) is p-divisible.
Proof. We first prove injectivity when n ≥ 1, which implies Ei[p] ⊂ Ei(K) for i = 1, 2.
Without loss of generality assume that K(E1[p
n+1])/K is wildly ramified. Then there exists
a pn-torsion point w ∈ E1[pn] such that the extension Lw = K(1pw) is wildly ramified over K.
We will show that the assumption of Lemma 3.5 holds, more precisely, that K(K;E1, E2)/p
is generated by symbols of the form {w, y}K/K with y ∈ E2(K).
By Theorem 3.3 we get that the Galois symbol sp is injective and can be computed by the
following composition,
K(K;E1, E2)/p ≃ (U0 ⊗M U0)(K) gp−→ Br(K)[p] ≃ Z/p,
where gp is the classical Galois symbol. Moreover, recall (2.15) that we have a decomposition,
E1(K)/p ≃ U 0K ⊕U
pe0(K)
K . We consider the image of w = (w1, w2) under this decomposition.
Since Lw/K is wildly ramified, we necessarily have w1 6= 0 and even stronger, that w1 ∈
U
i
K \U
i+1
K for some i coprime to p. To prove the claim, it suffices therefore to show that there
exists some y ∈ U0(K) ⊂ E2(K)/p such that gp({w1, y}) 6= 0. Equivalently, it suffices to
show that there exists a unit y ∈ U0(K) such that y 6∈ NK( p√w)/K(K( p
√
w)×). The existence
of such a y follows by [Ser79, p. 86, Corollary 7].
Now we prove injectivity when n = 0. In this case, either E1[p] 6⊂ E1(K) or E2[p] 6⊂
E2(K). We will show that (E1 ⊗M E2)/p = 0, which in particular implies that the K-group
K(K;E1, E2) is p-divisible.
We have that µp ⊂ K, and for i = 1, 2, there are short exact sequences of GK modules
0→ µp → Ei[p]→ Z/p→ 0.
Without loss of generality, assume that K(E1[p])/K is wildly ramified. In particular, the
extension 0 → µp → E1[p] → Z/p → 0 does not split, and the corresponding Serre-Tate
parameter u has the property that K( p
√
u)/K is a totally ramified degree p extension.
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Recall that the category of Mackey functors is abelian with a tensor product. The short
exact sequence of abelian groups (3.13) induces a short sequence of Mackey functors,
0→ Eˆi → Ei → [Ei/Eˆi]→ 0,
where [Ei/Eˆi] is the Mackey functor defined as follows. For a finite extension F/K, denote
the residue field of F by kF , and let [Ei/Eˆi](F ) := Ei(kF ). Moreover, the restriction resF/K :
[Ei/Eˆi](K)→ [Ei/Eˆi](F ) is the usual restriction, Ei(k)
resF/K−→ Ei(kF ), while the norm NF/K :
[Ei/Eˆi](F )→ [Ei/Eˆi](K) is the map e(F/K) ·NF/K : Ei(kF )→ Ei(k). The fact that [Ei/Eˆi]
is a Mackey functor has been shown by Raskind and Spiess ([RS00, p. 15]). We consider the
sequence for i = 2 and we apply the right exact functor, ⊗Z/p. Using Proposition 3.12, we
obtain an exact sequence of Mackey functors,
U
0 ⊗M U0 j−→ U0 ⊗M E2/p r−→ U0 ⊗M [E2/Eˆ2]/p→ 0.
We claim that U
0 ⊗M [E2/Eˆ2]/p = 0. Indeed, consider a symbol {x, y}F/K, where F is
some finite extension of K, x ∈ U 0(F ), and y ∈ [E2/Eˆ2](F ). There is y′ ∈ [E2/Eˆ2](F )
such that py′ = y; more precisely, for some finite unramified extension F ′/F , we can find
y′ ∈ [E2/Eˆ2](F ′) such that py′ = y. But, since F ′/F is unramified, the norm map NF ′/F :
U
0
(F ′) → U 0(F ) is surjective ([Ser79, p. 81, Proposition 1]), so the claim follows. We
conclude that there is an exact sequence U
0 ⊗M U0 j−→ U0 ⊗M E2/p→ 0.
Using a similar argument, we obtain an exact sequence of Mackey functors,
U
0 ⊗M E2/p j−→ E1/p⊗M E2/p r−→ [E1/Eˆ1]/p⊗M E2/p→ 0.
We can again conclude that [E1/Eˆ1]/p⊗M E2/p = 0, because the elliptic curve E2 has good
reduction, and hence for every finite unramified extension F ′/F , the norm map NF ′/F :
E2(F
′) → E2(F ) is surjective ([Maz72, Corollary 4.4]). Finally, the two exact sequences
induce a surjection,
U
0 ⊗M U 0 j−→ E1/p⊗M E2/p→ 0.
Evaluating at Spec(K), we get a surjection,
(U
0 ⊗M U 0)(K) j−→ (E1/p⊗M E2/p)(K)→ 0.
The group (U
0 ⊗M U 0)(K) is isomorphic via the classical Galois symbol to Z/p ([Hir16,
Lemma 3.3]). It suffices therefore to show that some non-zero element of (U
0 ⊗M U 0)(K)
is mapped to zero under j. But this now is easy, using the description of the Serre-Tate
parameter u described in the beginning of this section. Namely, by our assumption, the
extension K( p
√
u) is totally ramified of degree p over K, and hence there exists a unit b ∈
U
0
(K) such that gp({u, b}K/K) 6= 0. Thus we get a generator {u, b}K/K of (U0 ⊗M U 0)(K)
which is clearly mapped to zero under j.

Possible Kernel in the unramified Case. We will now show that if the assumption of
Theorem 3.14 does not hold, the Mackey functor Galois symbol has a nontrivial kernel. We
emphasize that this does not disprove Conjecture 2.8, since the group (E1/p⊗M E2/p)(K)
could in general be larger than the Somekawa K-group K(K;E1, E2)/p.
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Proposition 3.15. Let E1, E2 be elliptic curves over K with good ordinary reduction. We
assume that µp ⊂ K and the GK modules Ei[p] fit into short exact sequences,
0→ µp → Ei[p]→ Z/p→ 0.
Suppose that the extension K(E1[p], E2[p]) is nontrivial and unramified over K. Then the
Galois symbol sp vanishes, while (E1/p ⊗M E2/p)(K) ≃ Z/p. In particular, the Mackey
functor E1/p⊗M E2/p is isomorphic to U 0 ⊗M U 0.
Proof. First we show that (E1/p ⊗M E2/p)(K) ≃ Z/p. This follows similarly to the proof
of Theorem 3.14. Without loss of generality, we assume that the extension K(E1[p]) is
nontrivial and unramified over K. We have an exact sequence of Mackey functors,
0→ 〈u〉 → U 0 j−→ E1/p→ [E1/Eˆ1]/p→ 0,
where u is the Serre-Tate parameter of E1. Here we denoted by 〈u〉 the Mackey sub-functor of
U
0
generated by u. Note that for a finite extension L ofK, 〈u〉(L) is either 0 or Z/p depending
on whether u is a pth power in L or not. When we apply ⊗MU0 to the above sequence, the
Mackey functor 〈u〉 ⊗M U 0 vanishes. For, if L/K is a finite extension such that u 6∈ L×p,
then the extension L( p
√
u) is unramified over L and therefore the norm map U
0
L → U
0
K is
surjective. We conclude that in this case the surjection U
0 ⊗M U 0 j−→ E1/p⊗M E2/p → 0
is an isomorphism, and hence (E1/p⊗M E2/p)(K) ≃ Z/p.
Next we show that sp = 0. To show this, we use local Tate duality. The local Tate duality
pairing for the finite GK-module E1[p]⊗E2[p] and for i = 0, 1, 2 is a perfect pairing,
〈·, ·〉 : H i(K,E1[p]⊗ E2[p])×H2−i(K,Hom(E1[p]⊗ E2[p], µp))→ Z/p.
Using the Weil pairing and the fact that elliptic curves are self dual abelian varieties, the
above pairing for i = 2 becomes,
〈·, ·〉 : H2(K,E1[p]⊗E2[p])× HomGK (E1[p], E2[p])→ Z/p.
According to the main theorem of [Gaz17, Theorem 1.1], the orthogonal complement under
〈·, ·〉 of the image of sp consists precisely of those homomorphisms f : E1[p] → E2[p] that
extend to a homomorphism f˜ : E1[p] → E2[p] of finite flat group schemes over Spec(OK),
where Ei is the Ne´ron model of Ei for i = 1, 2. Since both elliptic curves have ordinary
reduction, the above subgroup of HomGK(E1[p], E2[p]) has a simpler description. Namely,
according to [Gaz17, Proposition 8.8], the orthogonal complement of Im(sp) is the subgroup
H = {f ∈ HomGK (E1[p], E2[p]) : f(E1[p]◦) ⊂ E2[p]◦}.
We will show that every GK-homomorphism f : E1[p] → E2[p] lies in H , which will imply
that sp = 0. By the assumption of the proposition, Ei[p]
◦ ≃ µp, for i = 1, 2, and the GK
action on Ei[p] is upper triangular of the form
(
1 αi(σ)
0 1
)
, for σ ∈ GK , where αi : GK →
Hom(Z/p, µp). Since we assumed that the extension K(E1[p], E2[p]) is nontrivial, at least
one of the two characters αi is nonzero of order exactly p.
Let f : E1[p] → E2[p] be a GK-homomorphism. After we consider splittings as abelian
groups (and not as GK-modules), Ei[p] ≃ µp ⊕ Z/p, we can write f in a matrix form
f =
(
f1 f2
f3 f4
)
. We want to show that the function f3 : E1[p]
◦ f−→ E2[p]→ E2[p]et vanishes.
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This follows by the equality of matrices,(
f1 f2
f3 f4
)(
1 α1(σ)
0 1
)
=
(
1 α2(σ)
0 1
)(
f1 f2
f3 f4
)
,
which yields α2(σ)f3 = f3α1(σ) = 0, for every σ ∈ GK .

Corollary 3.16. Theorem 1.4 holds for a product X = E1 ×E2 of elliptic curves with good
ordinary reduction.
Proof. As usual, let n ≥ 0 be the largest integer such that Ei[pn] ⊂ Ei(K) for i = 1, 2. By
extending to a finite extension if necessary, we may assume that µp ⊂ K and for i = 1, 2 we
have short exact sequences of GK-modules,
0→ µpn+1 → Ei[pn+1]→ Z/pn+1 → 0.
The only case when we need to extend the base field is when the extension
L1 := K(E1[p
n+1], E2[p
n+1])
is unramified over K. After extending to L1 we examine whether the extension L2 :=
K(E1[p
n+2], E2[p
n+2]) has wild ramification over L1. After repeating this process finitely
many times, we get an extension Lr+1/Lr, for some r ≥ 1, that has wild ramification.
Indeed, there is a largest integer N > n such that µpN ⊂ K, so Lr+1/K has wild ramification
for some r ≥ 1. Choosing r the smallest with that property, we have that Lr+1/Lr has wild
ramification and injectivity holds over Lr.

Structural Results. We next consider the Albanese kernel, T (E1 × E2). Recall that by
the work of Raskind and Spiess ([RS00]) we have an isomorphism,
T (E1 × E2) ≃ K(K;E1, E2) ≃ T (E1 × E2)div ⊕ (finite),
where we denoted by T (E1 × E2)div the maximal divisible subgroup of the Albanese ker-
nel. Theorem 3.14 and Proposition 3.15 allow us in most cases to fully determine the finite
summand of T (E1 × E2).
Corollary 3.17. Let X = E1 × E2 be the product of two elliptic curves over K with good
ordinary reduction. Let n ≥ 0 be the largest nonnegative integer such that Ei[pn] ⊂ Ei(K)
for i = 1, 2. Assume that the extension K(E1[p
n+1], E2[p
n+1]) has wild ramification. Then
we have an isomorphism for the Albanese kernel,
T (X) ≃
{
T (X)div ⊕ Z/pn, if n ≥ 1
T (X)div, if n = 0.
Proof. Case 1: Assume that n ≥ 1. We consider first the special case when for i = 1, 2 we
have short exact sequences of GK-modules,
0→ µpn+1 → E[pn+1]→ Z/pn+1 → 0.
In this case the corollary follows directly from Theorem 3.14 and Theorem 3.3, since we
already know by the computations of Hiranouchi (Theorem 3.3) that
K(K;E1, E2)/p
n ≃ Z/pn.
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For the general case, let L/K be the smallest finite extension such that the special case
holds for the product E1,L × E2,L. It suffices to show that for every m ≥ 1 the norm map,
NL/K : K(L;E1,L, E2,L)/p
m → K(K;E1, E2)/pm
is surjective. For, the surjectivity of the norm together with Theorem 3.14 will imply that
for every s > n the K-group psK(K;E1, E2) is p-divisible. At the same time Theorem 3.3
gives us an isomorphism, K(K;E1, E2)/p
n ≃ Z/pn, and hence the norm will in fact be an
isomorphism, from which the claim follows.
The surjectivity of the norm follows easily, since L/K is a finite unramified extension.
For such extensions, the norm map NL/K : E1(L) → E1(K) is surjective [Maz72, Corollary
4.4]. Using the projection formula (2.2) of the Somekawa K-group, we can easily show that
NL/K : K(L;E1,L, E2,L)→ K(K;E1, E2) is also surjective.
Case 2: Assume that n = 0. Let L/K be the smallest finite extension such that µp ⊂ L
and the GL-modules Ei[p] fit into short exact sequences,
0→ µp → Ei[p]→ Z/p→ 0.(3.18)
The assumption of Corollary 3.17 implies that for at least one i ∈ {1, 2} the sequence
(3.18) does not split. More importantly, it corresponds to a non-trivial Serre-Tate parameter
u ∈ O×K/O×pK which is such that the extension L( p
√
u)/L is totally ramified. In this case,
the argument is exactly the same as when n ≥ 1. Namely, Theorem 3.14 gives us that the
K-group K(L;E1,L, E2,L) is p-divisible. The general case follows again by the surjectivity of
the norm map,
K(L;E1,L, E2,L)/p
NL/K−−−→ K(K;E1, E2)/p.
Note that in this case we have a tower, K ⊂ L0 ⊂ L with L0/K unramified and L is at
most L0(µp). Since the latter is an extension of degree coprime to p, the norm map NL/L0 is
surjective.

The case of complex multiplication. We close the story of two ordinary reduction elliptic
curves by considering a very special case, the one of a product X = E1 × E2 of two elliptic
curves both having complex multiplication by an imaginary quadratic field. We note that
this case is only partially covered by Corollary 3.17. Namely, if Ei[p] ⊂ Ei(K) for i = 1, 2,
then we can apply Theorem 3.14 and Corollary 3.17 for X .
The reason we cannot apply Corollary 3.17 when Ei[p] 6⊂ Ei(K) for at least one i is the
following. After extending to a tower, K ⊂ L0 ⊂ L, such that L0/K is unramified and L is
at most L0(µp), the GL-module Ei[p] fits into a short exact sequence,
0→ µp → Ei[p]→ Z/p→ 0.
This sequence splits over L, that is, the corresponding Serre-Tate parameter is trivial. This
follows by [Ser98, A.2.4]. We therefore have an isomorphism,
T (E1 × E2 × L) ≃ Z/p⊕ T (E1 ×E2 × L)div.
Question 3.19. What happens over K? Is T (X) divisible? Or is its finite summand iso-
morphic to Z/p?
We do not have a method to answer this question in great generality, but we can say
something when K is unramified over Qp. This case is of particular importance, as it will
give us global-to-local applications (see section 4).
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Proposition 3.20. Let X = E1×E2 be the product of two elliptic curves over K with good
ordinary reduction. Assume that K is unramified over Qp and that the elliptic curves E1, E2
have complex multiplication by an imaginary quadratic field. Then T (E1 ×E2) is divisible.
Proof. By the usual surjectivity of the norm argument, we may reduce to the case when
L := K(E1[p], E2[p]) = K(µp).
By Theorem 3.14, we have an isomorphism, K(L;E1,L, E2,L)/p ≃ Z/p and this K-group can
be generated by symbols of the form {w, b}L/L with w ∈ E1[p](L). We can even choose
w ∈ Eˆ1[p](OL). We will show that the norm,
NL/K : K(L;E1,L, E2,L)/p→ K(K;E1, E2)/p
vanishes. Since it is also surjective, this will imply that K(K;E1, E2) is p-divisible. Since
K(L;E1,L, E2,L)/p is cyclic, it suffices to show that NL/K({w, b}L/L) 6= 0 for some nontrivial
symbol {w, b}L/L. Recall from Proposition 3.12 that the p-torsion point w satisfies
w ∈ Eˆ1(me0(L)L ) \ Eˆ1(me0(L)+1L ).
Since we assumed that K is unramified over Qp, we have e0(L) = 1 and hence w ∈ Eˆ1(m1L) \
Eˆ1(m
2
L). By [Kaw02, Theorem 2.1.6] we get that the image of w in U
0
L lies in U
1
L \U
2
L. This
means that the jump of the ramification filtration of L(1
p
w)/L is exactly at p − 1. Coming
to the symbol {w, b}L/L, we can write b = (b1, b2) for the image of b in E2(L)/p ≃ U 0L ⊕U
p
L.
We therefore conclude that if {w, b}L/L 6= 0, then b1 ∈ U p−1L .
We next consider the restriction map,
resL/K : Eˆ2(OK)/[p]Eˆ2(OK) →֒ Eˆ2(OK)/[p]Eˆ2(OK).
Since e(L/K) = p − 1, we can easily see that the image of resL/K lies in the subgroup
Eˆ2(m
p−1
K )/([p]Eˆ2(OK) ∩ mp−1K ). Because L/K is totally ramified, the image in fact equals
this subgroup. Using [Kaw02, Theorem 2.1.6] once more we conclude that the image of
Eˆ2(OK)/[p]Eˆ2(OK)
resL/K−−−−→ Eˆ2(OK)/[p]Eˆ2(OK) ≃−→ U 0L
is exactly U
p−1
L . Thus, we can find a generator of the K-group K(L;E1,L, E2,L)/p of the form
{w, resL/K(b′)}L/L for some b′ ∈ E2(K). The projection formula (2.2) yields an equality,
NL/K({w, resL/K(b′)}L/L) = {NL/K(w), b′}K/K.
But the latter symbol is zero. For, w is a p-torsion point of E1(L). Since the norm is a
homomorphism, the same is true for NL/K(w). But the formal group Eˆ1(OK) is torsion-free,
and hence NL/K(w) = 0.

3.2. The product of two elliptic curves, one with ordinary and the other with
supersingular reduction. In this subsection, we consider the product of two elliptic curves
E1 and E2 over K, and we assume E1 has ordinary reduction and E2 has supersingular
reduction. We recall that, when Ei[p] ⊂ Ei(K) for i = 1, 2, we have an isomorphism
sp : K(K;E1, E2)/p
≃−→ (E1 ⊗M E2)/p ≃−→ Z/p⊕ Z/p.
We proceed similarly to the case of two ordinary reduction elliptic curves, considering first
some cases when the injectivity of spn can be verified for every n ≥ 1.
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Proposition 3.21. Let E1, E2 be elliptic curves with good reduction over K, where E1 has
ordinary reduction, and E2 has supersingular reduction. The Galois symbol spn is injective
for every n ≥ 1 in each of the following cases.
(1) When Ei[p
n] ⊂ Ei(K) for i = 1, 2 and some n ≥ 1 which is the largest with this prop-
erty, and there is some w ∈ E1[pn] such that under the decomposition E1(K)/p ≃−→
U
0
K ⊕ U
pe0(K)
K , w can be written in the form w = (w1, w2) with w1 ∈ U
i
K \ U
i+1
K for
some i coprime to p and such that
i ≤ min{pt(K), p(e0(K)− t(K))}.
(2) When E2[p] ⊂ E2(K), and the GK-module E1[p] fits into a short exact sequence of the
form (3.10) having a non-trivial Serre-Tate parameter u such that u ∈ U iK \U
i+1
K for
some i coprime to p with i ≤ min{pt(K), p(e0(K)− t(K))}. In this case the K-group
K(K;E1, E2) is p-divisible.
Proof. Recall that we have a decomposition as Mackey functors,
E2/p
≃−→ U p(e0(K)−t(K)) ⊕ U pt(K),
where t(K) is the invariant of E2 defined in section 2.
We first consider case (1). From Lemma 3.5, it is enough to prove that the K-group
K(K;E1, E2)/p can be generated by symbols of the form {a, b}K/K with either a ∈ E1[pn]
or b ∈ E2[pn]. The key idea is to show that there exist elements b1 ∈ U p(e0(K)−t(K))K and
b2 ∈ U pt(K)K such that sp({w, (b1, 0)}K/K) 6= 0 and sp({w, (0, b2)}K/K) 6= 0, and there-
fore, by injectivity of sp, elements of the form {w, (b1, 0)}K/K and {w, (0, b2)}K/K generate
K(K;E1, E2)/p.
We have that w1 ∈ U iK \ U
i+1
K for some i < pe0(K) coprime to p that satisfies
i ≤ min{pt(K), p(e0(K)− t(K))}.
If i + pe0(K) − pt(K) ≤ pe0(K), then, from the computations in [Hir16, Lemma 3.4],
we can find b1 ∈ U p(e0(K)−t(K))K such that {w, (b1, 0)}K/K 6= 0; on the other hand, if i +
pt(K) ≤ pe0(K), then we can find b2 ∈ U pt(K)K such that {w, (0, b2)}K/K 6= 0. The first case
occurs if i ≤ pt(K), while the second one occurs if i ≤ p(e0(K) − t(K)). Since we have
i ≤ min{pt(K), p(e0(K)− t(K))}, we get the result.
We now consider case (2). As usual, using Proposition 3.12 we get a surjection of Mackey
functors,
U
0 ⊗M E2/p j−→ (E1 ⊗M E2)/p→ 0.
The first Mackey functor is isomorphic to (U
0 ⊗M U pt(K)) ⊕ (U 0 ⊗M Up(e0(K)−t(K))). The
group U
0⊗M U pt(K)⊕U 0⊗M U p(e0(K)−t(K))(K) is isomorphic via the classical Galois symbol
to Z/p ⊕ Z/p ([Hir16, Lemma 3.3]). Because of the assumption that u ∈ U iK \ U
i+1
K with i
coprime to p and i ≤ min{pt(K), p(e0(K)− t(K))}, we get that there exist b1, b2 ∈ E2(K)/p
such that {u, b1}K/K and {u, b2}K/K generate (U 0 ⊗M E2/p)(K). But both these symbols
are mapped to zero under j. We conclude that (E1⊗M E2)(K)/p = 0 and in particular that
the K-group K(K;E1, E2) is p-divisible.

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Similarly to the case of two ordinary reduction elliptic curves, we can show that if some
of the assumptions of Proposition 3.21 are not satisfied, the Mackey functor Galois symbol
has a non-trivial kernel. This is the purpose of the next proposition.
Proposition 3.22. Let E1, E2 be elliptic curves with good reduction over K, where E1 has
ordinary reduction, and E2 has supersingular reduction. We assume that E2[p] ⊂ E2(K),
and the GK-module E1[p] fits into a short exact sequence of the form (3.10) having a non-
trivial Serre-Tate parameter u. Suppose that u ∈ U iK \ U
i+1
K for some integer i such that
i > min{pt(K), p(e0(K) − t(K))}. Then the Galois symbol sp vanishes, while the group
(E1/p⊗M E2/p)(K) contains Z/p.
Proof. The proof is very analogous to the proof of Proposition 3.15, so we give a less detailed
analysis of the argument. All the cases to consider are similar, so without loss of generality
we assume that pt(K) < i < p(e0(K)− t(K)). In this case we will show that sp = 0, while
the Mackey functor E1/p⊗M E2/p is isomorphic to U0 ⊗M Up(e0(K)−t(K)).
We consider the exact sequence of Mackey functors,
〈u〉 ⊗M E2/p→ U 0 ⊗M E2/p j−→ E1/p⊗M E2/p→ 0,
where 〈u〉 is the Mackey functor defined in the proof of Theorem 3.14. We have a decom-
position 〈u〉 ⊗M E2/p ≃ (〈u〉 ⊗M U pt(K))⊕ (〈u〉 ⊗M U p(e0(K)−t(K))). Similarly to the proof of
Proposition 3.21, because we assumed i < p(e0(K)− t(K)), we can find x ∈ U pt(K)K such that
the symbol {u, x}K/K ∈ (〈u〉 ⊗M U pt(K))(K) ⊂ (U0 ⊗M U pt(K))(K) is non-trivial. On the
other hand, the inequality i > pt(K) implies that 〈u〉 ⊗M U p(e0(K)−t(K)) = 0. We conclude
that E1/p⊗M E2/p ≃ U0 ⊗M Up(e0(K)−t(K)).
Next we show that sp = 0. We consider the orthogonal complement of Im(sp) under local
Tate duality. According to [Gaz17, Proposition 8.11], the complement in this case coincides
with the following subgroup of HomGK(E1[p], E2[p]),
{f ∈ HomGK (E1[p], E2[p]) : f(E1[p]◦) = 0}.
The GK-action on E1[p] is of the form
(
1 α(σ)
0 1
)
, for σ ∈ GK , where α : GK →
Hom(Z/p, µp) is a non-trivial character. Let f ∈ HomGK (E1[p], E2[p]). Once again we
may write f in a matrix form, f =
(
f1 f2
f3 f4
)
. We have a matrix equality,
(
f1 f2
f3 f4
)
=
(
f1 f2
f3 f4
)(
1 α(σ)
0 1
)
,
which yields f1α(σ) = f3α(σ) = 0, for every σ ∈ GK and hence f1 = f3 = 0. This means
exactly that f vanishes when restricted to E1[p]
◦.

Our main goal now is to show that when the assumptions of Proposition 3.21 do not hold,
we can construct a tower K ⊂ K1 · · · ⊂ Kr of finite extensions of K so that the weaker
criterion described in Remark 3.7 holds over Kr. This will imply that there exists a large
enough integer N ≥ 1 such that the K-group pNK(K;E1, E2) is p-divisible. In particular
Theorem 1.2 holds for E1 × E2. We start with the following lemma.
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Lemma 3.23. Let K be a p-adic field containing a primitive p2th root of unity, ζp2. Let
u ∈ U0K be such that u ∈ U
i
K \ U
i+1
K , where 0 < i < pe0(K) and i is coprime to p. Let
L = K( p
√
u). Write v = p
√
u. Then v ∈ U iL \ U
i+1
L .
Proof. We have v ∈ U jL \ U
j+1
L for some j. We will show that j = i. Write M = L(
p
√
v),
and we therefore have a tower K ⊂ L ⊂ M of totally ramified degree p extensions. Using
Takemoto’s computation of the Hasse-Herbrand function ([Tak07, Lemma 2.2 (2)]), we have
ψL/K(t) =
{
t, 0 ≤ t ≤ pe0(K)− i
pt− peK + (p− 1)i, pe0(K)− i ≤ t,
ψM/K(t) =


t, 0 ≤ t ≤ pe0(K)− i
pt− peK + (p− 1)i, pe0(K)− i ≤ t ≤ pe0(K) + eK − i
p2t− 2p2eK + (p2 − 1)i, pe0(K) + eK − i ≤ t
and
ψM/L(t) =
{
t, 0 ≤ t ≤ p2e0(K)− j
pt− p2eK + (p− 1)j, p2e0(K)− j ≤ t
The function ψM/K = ψM/L ◦ ψL/K is non-differentiable at two points in (0,∞); one
corresponds to the unique point where ψL/K is non-differentiable, pe0(K)− i, and the other
corresponds to the unique point where ψM/L is non-differentiable. On one hand, the second
point where ψM/L is non-differentiable is t˜ = pe0(K) + eK − i. On the other hand, ψM/L is
non-differentiable at p2e0(K)− j, so we have
ψL/K(t˜) = p
2e0(K)− j.
Using Takemoto’s formula for ψL/K and the fact that t˜ > pe0(K)− i, we get
p2e0(K)− j = ψL/K(pe0(K) + eK − i)
= p(pe0(K) + eK − i)− peK + (p− 1)i
= p2e0(K)− i.
Hence we conclude that i = j.

Theorem 3.24. Let E1, E2 be elliptic curves with good reduction over K, where E1 has
ordinary reduction, and E2 has supersingular reduction. There exists a positive integer N ≥ 1
such that the group pNK(K;E1, E2) is p-divisible. In particular, the Albanese kernel of the
product X = E1 ×E2 is the direct sum of a finite group and a divisible group.
Proof. We start by extending the base field K to a finite extension K1 which is such that,
• Ei[p] ⊂ Ei(K1), for i = 1, 2,
• µp2 ⊂ K1,
• Eˆ1[pn] ⊂ Eˆ1(OK1) for some n ≥ 1 and n is the largest with this property.
We consider a pn-torsion point w0 ∈ Eˆ1[pn] such that w0 does not lie in the image of
[p] : Eˆ(OK) → Eˆ(OK). Simply speaking, 1pw0 6∈ E1(K1). We consider the decomposition
E1(K)/p ≃ U 0K1⊕U
pe0(K1)
K1
and we write w0 = (w0,1, w0,2). Assume that w0,1 ∈ U iK1 \U
i+1
K1
for
some 0 < i ≤ pe0(K1). Let t = t(K1) be the t-invariant of the elliptic curve E2 over K1. If i ≤
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min{pt(K1), p(e0(K1)− t(K1))}, then we can imitate the method of Proposition 3.21 to find
elements b1, b2 ∈ E2(K)/p such that ({w0, b1}K/K and {w0, b2}K/K generate K(K;E1, E2)/p.
Using Remark 3.7, in this case we get that the group pnK(K1;E1, E2) is p-divisible.
If the index i does not satisfy the above inequality, we perform the following algorithmic
process. By extending the base field if necessary, we may assume that the extension L1 =
K1(
1
p
w0)/K1 has wild ramification. This in particular means that the index i is coprime
to p. Note that this will always happen eventually (see Corollary 3.16). We fix an element
w1 ∈ Eˆ1(OL1) such that [p]w1 = w0. Moreover we write, w1 = (w1,1, w1,2) ∈ E1(L1)/p. The
claim is that w1,1 ∈ U iL1 \ U
i+1
L1 . This follows by [Kaw02, Theorem 2.1.6] and Lemma 3.23.
Next, notice that e0(L1) = pe0(K1) and t(L1) = pt(K1). We check again whether
i ≤ min{p2t(K1), p2(e0(K1)− t(K1))}.
If not, we repeat the process, adding more torsion points of the formal group until we find
a finite extension Lr such that i ≤ min{pr+1t(K1), pr+1(e0(K1)− t(K1))}. We conclude that
for some r ≥ 0 the group pn+rK(Lr;E1, E2) is p-divisible.
To finish the argument, we need to show that Theorem 1.2 holds for the product X =
E1 × E2. Let s = [Lr : K] = pl ·m, where m is coprime to p. Let x ∈ K(K;E1, E2). We
have, s · x = NLr/K(resLr/K(x)). Set y = m · x and v = resLr/K(x) ∈ K(Lr;E1, E2), so that
we have an equality ply = NLr/K(v). By the previous step, we get
pl+n+ry = NLr/K(p
n+rv) ≡ 0 mod pl+n+r+1NLr/K(K(Lr;E1, E2)).
Since the K-group K(K;E1, E2) is m-divisible ([RS00, Theorem 3.5]), the above relation
holds for every y ∈ K(K;E1, E2). We can therefore set N = l+n+ r to make the statement
of the theorem true.

3.3. When one curve is a Tate elliptic curve. In this section we extend our computa-
tions to the case when at least one of the two curves is a Tate elliptic curve. When both
E1, E2 are Tate curves, the injectivity of K(K;E1, E2)/n→ H2(K,E1[n]⊗ E2[n]) has been
proved by Yamazaki ([Yam05]), for every n ≥ 1. We therefore assume that E1 is a Tate
elliptic curve and E2 has good reduction.
We want to proceed as in the previous subsections, giving sufficient (and, for the Mackey
functor, necessary) criteria for the map
K(K;E1, E2)/p
n s
n
p−→ H2(K,E1[pn]⊗ E2[pn])
to be injective. In this case it suffices to consider only the injectivity of sp when µp ⊂ K and
the q-invariant of E1 is not a pth power. Indeed, if q = q
′pn for some q′ ∈ mK that is not a
pth power and some n ≥ 1, we can replace E1 with the isogenous elliptic curve E ′1 = Gm/q′Z.
Namely, the pn-power map gives an isogeny, E ′1
φ−→ E1, which induces a map on K-groups,
K(K;E ′1, E1)
φ−→ K(K;E1, E2).
The image of φ is exactly the subgroup pnK(K;E1, E2). We conclude that proving that the
group pnK(K;E1, E2) is p-divisible is equivalent to proving that the K-group K(K;E
′
1, E2)
is p-divisible.
We start by fixing a uniformizer πK ofK. The analogue of Theorem 3.14 and Proposition 3.21
in this case is given by the following proposition.
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Proposition 3.25. Assume µp ⊂ K. Let E1, E2 be elliptic curves over K such that E1 is
a Tate curve and E2 has good reduction. Assume that E1 has invariant q ∈ mK such that
p
√
q 6∈ K.
(1) If E2 has ordinary reduction, then a necessary and sufficient condition for the injec-
tivity of the Mackey functor Galois symbol
(E1 ⊗M E2)(K)/p sp−→ H2(K,E1[p]⊗E2[p])
is that q ∈ miK \mi+1K for some i coprime to p.
(2) If E2 has supersingular reduction with E2[p] ⊂ E2(K) and E2 has invariant t(K),
then a necessary and sufficient condition for the injectivity of the Mackey functor
Galois symbol sp is that q can be written as q = π
i
Ku, with either i coprime to p, or
u ∈ U jK \ U
j+1
K with j ≤ min{pt(K), p(e0(K)− t(K))}.
In the above cases, the K-group K(K;E1, E2) is p-divisible.
Proof. The two cases are very similar, therefore we only prove the proposition when E2
has ordinary reduction. Using the surjectivity of the norm, it suffices to prove the claim
assuming that K = K(Eˆ[p]). We first prove that, if q ∈ miK \ mi+1K for some i coprime to p,
then K(K;E1, E2) is p-divisible.
We have an exact sequence of Mackey functors Gm/p
ε−→ E1/p → 0. Since the functor
⊗ME2/p is right exact, we get a surjection, (Gm/p ⊗M E2/p)(K) ε−→ (E1/p ⊗M E2/p)(K).
We want to show that the group (E1/p ⊗M E2/p)(K) vanishes. Since we assumed that
p
√
q 6∈ K, the above map ε has a kernel generated by the image of q. We can proceed
similarly to the proof of the second part of Theorem 3.14. Namely, we will show that the
group (Gm/p⊗M E2/p)(K) is generated by symbols of the form {q, x}K/K with x ∈ E2(K).
Since we assumed that Eˆ[p] ⊂ E(K), we have an exact sequence of Mackey functors,
U
0 → E2/p→ [E2/Eˆ2]/p→ 0,
where [E2/Eˆ2] is the Mackey functor defined in Theorem 3.14. Since Gm/p⊗M is right exact,
we obtain an exact sequence
Gm/p⊗M U0 → Gm/p⊗M E2/p→ Gm/p⊗M [E2/Eˆ2]/p→ 0.(3.26)
It suffices therefore to show that the groups (Gm/p⊗MU0)(K) and (Gm/p⊗M [E2/Eˆ2]/p)(K)
can be generated by symbols of the form {q, x}K/K with x ∈ U 0K and x ∈ [E2/Eˆ2]/p(K),
respectively.
By [Hir16, Lemma 3.3], (Gm/p ⊗M U 0)(K) is isomorphic to Z/p via the classical Galois
symbol gp. Since we assumed that q ∈ miK \ mi+1K for some i coprime to p, we can write
q = πiKv, for some unit v ∈ U0K . We consider the extension L = K( p
√
πK). According to
[Tak07, Lemma 2.2 (1)], this extension is totally ramified of degree p whose Galois group
Gal(L/K) has a jump at the ramification filtration at pe0(K). By [Ser79, p. 86, Corollary
7], there exists x ∈ Upe0(K)K such that gp({πK , x}K/K) 6= 0. Therefore, {πK , x}K/K generates
(Gm/p ⊗M U 0)(K). We claim that {q, x}K/K also generates (Gm/p ⊗M U 0)(K). Indeed,
observe that {q, x}K/K = i{πK , x}K/K + {v, x}K/K, and, since K( p
√
x)/K is unramified,
{v, x}K/K = 0. Since i is coprime to p and {πK , x}K/K 6= 0, we get {q, x}K/K 6= 0. It follows
that {q, x}K/K generates (Gm/p⊗M U0)(K).
The computation for (Gm/p⊗M [E2/Eˆ2]/p)(K) is similar, so we omit it.
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We next want to show that the condition on the invariant q is necessary for the injectivity
of sp at the level of the Mackey product, (E1/p⊗M E2/p)(K). We assume that q = πp
s
K v, for
some s ≥ 1 and some unit v ∈ O×K that is not a pth power. In this case we claim that the
group (E1 ⊗M E2)/p contains Z/p, while sp = 0. The proof is very similar to the proofs of
Proposition 3.15 and Proposition 3.22, so we only sketch the argument here.
The first claim follows by the sequence (3.26). Namely, we can show that the map
(〈q〉 ⊗M E2/p)(K)→ (Gm/p⊗M [E2/Eˆ2]/p)(K)
vanishes. On the other hand, the group (Gm/p⊗M U 0)(K) can be generated by a symbol of
the form {q, x}K/K , unless the unit v is in U pe0(K)K .
To show that the map sp vanishes, we need to compute again the orthogonal complement
of Im(sp) under Tate duality. We claim that this complement coincides with the following
subgroup of HomGK (E1[p], E2[p]), {f ∈ HomGK (E1[p], E2[p]) : f(µp) = 0}. The claim follows
by the following commutative diagram,
(Gm/p⊗M E2/p)(K) H2(K,µp ⊗ E2[p])
(E1/p⊗M E2/p)(K) H2(K,E1[p]⊗E2[p])
sp
ε
sp
We already saw that the map ε is surjective. Note that the top sp is also surjective. This
follows by [Blo81, Theorem 2.9]. The rest of the argument is the same as in Proposition 3.22.

We end this section with the analogue of Theorem 3.24.
Corollary 3.27. Let E1 be a Tate curve and E2 a supersingular reduction elliptic curve.
Then the Albanese kernel of the product X = E1×E2 is the direct sum of a finite group and
a divisible group.
Proof. By [RS00, Theorem 3.5] we have an isomorphism, T (E1 × E2) ≃ D ⊕ F , where D is
a group that is m-divisible for every integer m coprime to p and F is a finite group. Let M
be the order of F . It suffices to show that the group M · T (E1 × E2) is the direct sum of a
p-divisible group and a finite group. To do this we imitate the proof of Theorem 3.24, which
applies almost verbatim. In fact it becomes even easier, since we can construct a tower of
finite extensions, Lr ⊃ · · · ⊃ L1 ⊃ K, by attaching roots of unity, {ζpn : n0 ≤ n ≤ n0 + r},
which are considered as torsion points of the Tate curve E1. Lemma 3.23 reassures that
after attaching a finite number of roots of unity the assumptions of Proposition 3.25 will
eventually hold over Lr. The rest of the proof is exactly the same as Theorem 3.24 but now
applied to the m-divisible group D.

3.4. The product of more than two curves. To finish the proof of theorems (1.2) and
(1.4), we need to consider also the case of the K-group K(K;E1, · · · , Er) attached to more
than two elliptic curves. Everything will follow from the next corollary, which generalizes
previous computations of Raskind and Spiess ([RS00, Theorem 4.5, Remark 4.4.5]) and
Hiranouchi ([Hir16, Proposition 4.3]).
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Corollary 3.28. Let E1, · · · , Er be elliptic curves over K with split semistable reduction.
Assume that E1 does not have supersingular reduction and if Ei has supersingular reduction
for some i ≥ 2, then Ei[p] ⊂ Ei(K). If r ≥ 3, the K-group K(K;E1, · · · , Er) is p-divisible.
Proof. We will show that the Mackey product, (E1/p ⊗M · · · ⊗M Er/p)(K) = 0. Using
associativity of the product, it suffices to prove the claim when r = 3. Moreover, using the
surjectivity of the norm, we may assume that µp ⊂ K and if Ei has ordinary reduction for
some i ∈ {2, 3}, then Eˆi[p] ⊂ Ei(K).
We will prove the corollary in the following two specific cases to illustrate the method.
Any other case can be proved in a very analogous way.
• Assume that all three curves have good ordinary reduction. Imitating the proof of
Theorem 3.14, we can prove a surjection of Mackey functors,
U
0 ⊗M U 0 ⊗M U 0 → (E1 ⊗M E2 ⊗M E3)/p→ 0.
The claim then follows after we observe that the functor U
0 ⊗M U 0 ⊗M U 0 vanishes
by [RS00, Lemma 4.2.1].
• Assume that E1 has ordinary reduction and E2, E3 have supersingular reduction.
Since we assumed that Ei[p] ⊂ Ei(K) for i = 2, 3, we can use Theorem 2.15 to
compute the Mackey functors Ei/p. We consider the product (E1 ⊗M E2)/p. By
Proposition 3.21 and Proposition 3.22 we get that this product is either 0 or isomor-
phic to a direct sum of Mackey functors of the form U
0 ⊗M Us for some s > 0. By
[Hir16, Lemma 3.3] we get an isomorphism,
U
0 ⊗M Us ≃ (Gm ⊗M Gm)/p ≃ U 0 ⊗M U 0.
Therefore the Mackey functor, (E1 ⊗M E2 ⊗M E3)/p can be decomposed in direct
pieces that look like U
0⊗M U0⊗M E3/p. By imitating the argument for the product
U
0 ⊗M E3/p, the claim follows once again by [RS00, Lemma 4.2.1].

3.5. The Brauer-Manin pairing. We close this section by discussing a corollary about
the Brauer-Manin pairing,
CH0(X)× Br(X)→ Q/Z
between the group CH0(X) and the Brauer group, Br(X) of X . This corollary follows
directly by the work of Yamazaki ([Yam05, Theorem 1.2]).
Corollary 3.29. Let E1, · · · , Er be elliptic curves over a p-adic field K with good reduction
and such that at least one does not have supersingular reduction. Let X = E1 × · · · × Er.
There is a finite extension L of K such that the left kernel of the Brauer Manin pairing
CH0(X ×K L)× Br(X ×K L)→ Q/Z
is the maximal divisible subgroup of CH0(X ×K L).
Proof. Yamazaki showed the left kernel of the pairing
CH0(X)× Br(X)→ Q/Z
is the maximal divisible subgroup of CH0(X) if and only if the cycle map cpn is injective for
every n ≥ 1. The corollary then follows by Theorem 1.4.

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4. Applications over number fields
We close this paper by suggesting a conjecture for varieties defined over algebraic number
fields. In this section, K shall denote a number field. We will denote by Ω the set of all
places of K.
Recall that for a smooth projective geometrically connected variety X over a number field
K, the Albanese kernel T (X) is conjectured by Bloch and Beilinson to be a finite group.
This conjecture is very far from being established. Below we suggest a weaker conjecture,
which gives some compatibility between the local and the global picture.
Conjecture 4.1. Let X be smooth projective geometrically connected variety over a number
field K such that X has a K-rational point. Let Xv := X ×K Kv be the base change to the
completion, Kv, at a finite place v of K. If the Albanese kernel, T (Xv), is the direct sum
of a divisible group, Dv, and a finite group, Fv, then T (Xv) is divisible for almost all finite
places v of K, that is Fv = 0 for almost all places v.
We already saw that even the local picture has only been established in very few cases.
However, we saw that for X = E1 × · · · × Ed a product of elliptic curves over a p-adic field
Kv, Conjecture 1.1 has been established in most cases. We will focus on this case to provide
two pieces of evidence towards Conjecture 4.1.
Complex multiplication. The first evidence comes from Theorem 3.14. In fact, the fol-
lowing is a direct corollary of Proposition 3.20
Corollary 4.2. Let X = E × E be the self-product of an elliptic curve over an algebraic
number field K. Assume that E has complex multiplication by an imaginary quadratic field
M . Then the Albanese kernel, T (Xv), is divisible for almost all ordinary reduction places v
of K.
Proof. Let v be an ordinary reduction place of X . Assume that v lies above a rational prime
p. The corollary follows immediately from Proposition 3.20 after we observe that for all but
finitely many v the extension Kv/Qp is unramified.

Poitou-Tate duality and non-isogenous elliptic curves. We next consider the product
X = E1 × E2 of two non-isogenous elliptic curves over a number field K. We assume for
simplicity that K is totally imaginary. Let l be a prime number. We consider the finite set
of places,
S = {v : X has bad reduction at v} ∪ {v place above l}.
Let KS be the maximal extension of K that is unramified outside S and GS = Gal(KS/K)
the Galois group. We consider the diagonal map
lim←−
ln
K(k;E1, E2)/l
n ∆−→
∏
v∈Ω
lim←−
ln
K(kv;E1v, E2v)/l
n.
Note that for v 6∈ S, the group lim←−
ln
K(kv;E1v, E2v)/l
n vanishes. For, if v is a place of good
reduction lying above a rational prime l′ 6= l, the group K(kv;E1v, E2v) is l-divisible [RS00,
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Theorem 3.5]. We have a commutative diagram,
lim←−
ln
K(k;E1, E2)/l
n
∏
v∈S lim←−
ln
K(kv;E1v, E2v)/l
n
H2(GS, Tl(E1)⊗ Tl(E2))
⊕
v∈S H
2(kv, Tl(E1v)⊗ Tl(E2v)) HomGk(Tl(E1), Tl(E2))⋆,
∆
where for an abelian group A we denote by A⋆ the dual group, Hom(A,Q/Z). The bottom
sequence is exact. This follows by global Tate duality, known as Poitou-Tate duality (see
[Mil06] for details). This implies that we get a complex,
lim←−
ln
K(k;E1, E2)/l
n ∆−→
∏
v∈S
lim←−
ln
K(kv;E1v, E2v)/l
n → Hom(HomGk(Tl(E1), Tl(E2)),Q/Z).
This complex is conjectured to be exact ([KS86, 7.6.2]). Since we assumed that E1, E2 are
not isogenous, the Faltings’ isogeny theorem yields an isomorphism,
HomGk(Tl(E1), Tl(E2)) ≃ Hom(E1, E2)⊗ Zl = 0.
Therefore in this case we expect a surjection,
lim←−
ln
K(k;E1, E2)/l
n ∆−→
∏
v∈S
lim←−
ln
K(kv;E1v, E2v)/l
n → 0,
and this should hold for every prime l. In order for this to be compatible with the Bloch-
Beilinson conjectures, Conjecture 4.1 should be true.
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